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ABSTRACT 
 

The oscillation movement of a mechanical non-linear system is not easy to 
solve exactly in an analytical way. The approximate solutions are based on different 
methods and give different values with different approximation degree. In this 
paper it is shown that for such differential equations, such as 

0kmx c t x− ⋅ ⋅ =��  which describe free parametric vibrations of some elastic systems, 
there can be found analytical or approximate solutions. Using the substitution  
x x y= ⋅� , y=y(t), the differential equation becomes a Riccati special equation for 

which, using the Bessel functions, we obtain analytical or approximate solutions. 
   
          KEYWORDS: Mechanical, System, Oscillation, Equation, Non-linear. 

 
 

1. Introduction 
Free oscillations of the non-linear 

mechanical systems are described by 
differential equations such as 
 

0Fxm i =+��   (1) 
 
where x is the movement, m is the mass of the 
system and Fi are the internal forces (elastic 
and damping). 
 The free parametric vibrations, without 
dumping, of some elastic systems are described 
by differential equations, such as [1] 

 
0kmx c t x− ⋅ ⋅ =��                    (2) 

 
where t is the time, c and k are real invariables. 
 After division to m, the mass doesn’t 
appear any longer in the equation. 
 For the first differential equation, it 
doesn’t exist any method for calculating the 
precise analytical solutions but for the 
particular ones. 

Using the substitution  
 

x x y= ⋅� , y=y(t),  (2’) 

 

the last equation becomes the special  Riccati 
differential equation. 
 We now show that we can find ,for this 
kind of equation (and also the differential  
equation(2)) analytical exact or aproximate 
solutions, using the Bessel functions. 
 

2. Teoretical concept 
In technology, physics, astronomy we 

can find applications of the differential 
equation of the second order 
  

( )2 2 2 0x y x y x p y′′ ′⋅ + ⋅ + − ⋅ =         (3) 

 
known as the Bessel equation. 
 If p is not a whole number and it is not 
half of a whole number, than the general integer 
of the equation (3) is [2]  
 

( ) ( )1 2p py c J x c J x−= ⋅ + ⋅  ; 

    
1 2,c c R∈�                          (4) 

 
where 

 

( ) ( )
( ) ( ) 2

0

1
2! 1

s
p s

p
s

xJ x
s p s

+∞

=

−= ⋅Γ + +∑     (5) 
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is the Bessel function and Γ  is the Euler 
function. 
 If p=n is a whole pozitive number, then 
 

( ) ( )
( ) ( ) 2

0

1
2! !

s
n s

n
s

xJ x
s n s

+∞

=

−= ⋅+∑   (6) 

 
is a solution for the equation (3) with 
 

( ) ( )
0

ln n s
n n s

s

K x J x x x xβ β
∞

−

=
= ⋅ ⋅ + ∑           (7) 

 
where 

0 1, , ,... .Rβ β β ∈  

 The general integer of the equation (3) 
will be 
 

( ) ( )1 2n ny c J x c K x= ⋅ +  ; 

 
1 2,c c R∈� .                         (8) 

 
 If p is half of a whole odd number, 

2 1
2

np += , the general integer of the equation 

(3) is like (4), where 
 

( ) ( ) ( )2 1
2

2 1 1sin cosn n nJ x P x Q xx x xπ+
 = +  �   (9)                  

 

with ( )1
nP x

, ( )1
nQ x

 polynomial  in 1
x

. 

 Adding a new independent variable t 
and a new function u [3]  
 

y t uα= ⋅  ; x t βγ= ⋅                (10) 
 
with , , Rα β γ ∈  which are not null, we obtain 
 

11dt tdx
β

βγ
−=  ; 

 
11dy dytdx dt

β

βγ
−= ⋅  ; 

 
2 2

1 1
2 2

11 1d y d y dyt t t dtdx dt
β β ββ

βγ βγ βγ
− − −− = + ⋅ ⋅  

 ; 

 

               1dy dut t udt dt
α αα −= ⋅ + ⋅ ⋅  ;     (11) 

 

( )
2 2

1 2
2 2 2 1d y d u dut t t udtdt dt

α α αα α α− −= ⋅ + ⋅ ⋅ + − ⋅ ⋅  

 

 Replacing y, dy
dx

, 
2

2
d y
dx

 in the 

differential equation (3) and  dy
dt

, 
2

2
d y
dt

 in  u, 

du
dt

, 2

2
d u
dt

 than 

 

( )

( )

2
2

2

2 2 2 2 2 2

2 1

0.

d u dut t dtdt

p t uβ

α

α β β γ

⋅ + + ⋅ ⋅ +

+ − + ⋅ ⋅ =

   (12) 

 
 Because the differential equation (3) 
has the general integer (4), the equation (12) 
will have 
 

( ) ( )1 2p pu t c J t c J tα β βγ γ−
− = ⋅ + ⋅    (13) 

 

In which we replace ( )pJ t βγ− ⋅  with 

( )nK t βγ ⋅  if p=n is zero or a whole  and 

pozitive number. 
 The differential equation (12) is  
 

( )2
2

2 0md u dut a t b c t udtdt
⋅ + ⋅ ⋅ + + ⋅ ⋅ = ,   (14) 

 
for     
                ( )2 1 aα + = , 2 2 2p bα β− = ,  

 
2 2 cβ γ = , 2 mβ = .           (15)    

  
For any equation like (14) where the 

invariable c and m are not null we can find 
using (15) the values of  , , , pα β γ   and the 
general integer of the differential equation (12) 
will be expressed using the Bessel functions 
after formulas (4) and (8). 

We shall now take the special Riccati 
equation [4] 

 
2

1 2 0ky k y k x′ + ⋅ − ⋅ =          (16) 
 
with 

1 2, ,k k k R∈ , about which we know that we 
can only find solutions in some special 
situations. 
 
 Using the substitution 
 

1
1 duk y u dx⋅ = ⋅               (17) 

 
The differential equation (16) becomes 
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2

2 2
2 1 2 0kd ux k k x u

dx
+⋅ − ⋅ =        (18) 

 
because with the derivation of the substitution 
(17) we obtain 
 

( )2 2

2 21
1 1du d uk y dx uu dx

′⋅ = − ⋅ + ⋅ .  (19) 

 
 The equation (18) is like (13) where 
 

1 2a=b=0, c=-k ·k , m=k+2  (20) 

 
and its solutions are Bessel functions if the 
invariable  k1,k2 have opposite signs for 0c ≥ , 
as (15).  

After solving the function u from the 
equation (18) with (17) we can find the general 
soluton y of the equation (16). 

 
3. Examples 

1. The vibrations of a mechanical 
system are described by the differential 
equation 
 

42
0

9
x x t −+ ⋅ ⋅ =��               (21) 

 
which is equal with the special Riccati 
differential equation  
 

2 41 2
’

3 3
y y x−= ⋅ + ⋅        (22) 

 
such as (16) where  
 

1 2
1 2, , 43 3k k k= − = = −� � � �   (23) 

  
and that becomes (21) using the substitution 
(17), we cand find the movement function x(t). 
 

The differential equation (21), with  
 

2
a b 0;c ,

9
= = =  (24) 

 
and from (15) we obtain  
 

21 1, , 1 , , 22 2 3p mα β γ= − = = − = = −� � � � � � � � . (25) 

 

The invariable  p is half of a whole odd 
number,than 0n =  and equation (21) has the 
general solution  

 

( )
1
2

1 1 2 1
2 2

1 2

2 2
3 3

2 26 sin cos ,3 32

x t t c J c Jt t

t c ct tπ

−

    = ⋅ + ⋅ =        

 = ⋅ + ⋅  
��������

(26) 

 
with 
 

( )

( )

1
2

1
2

2v sin v ,v

2v cos v.v

J

J

π

π−

=

=

�� ��
  (27) 

 
 Derivating ( )x t  we obtain 

 

1 2

6 2 2
x’( t ) c sin c cos

3t 3t2π
 

= + +   
 

(28) 

1 2

2 2 2
c sin c cos

3t 3t 3t

 
+ −   

 

 
and using the substitution (17) we obtain the 
general solution of the Riccati differential 
equation (22) 
 

( ) 01 2

0

2 2cos sin3 33 2
2 2sin cos3 3

c x xy x x x
c x x

− −
⋅ −

= − ⋅ + ⋅ ⋅ =
⋅ +

 

0

2

0

2
c tg3 2 3x

x x 2
c tg 1

3x

−
= − + ⋅

+
, (29) 

       
where 

1
0

2

.cc constc= =  

 
2. The vibrations of a mechanical 

system are described by the differential 
equation 
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51
0

4
x x t −− ⋅ ⋅ =��                (30) 

 
which is equal with the special Riccati equation  
 

2 51 1
’

2 2
y y x−= ⋅ + ⋅   (31) 

 
such as (16) where  
 

1 2
1 1, , 52 2k k k= − = = −� � � �   (32) 

 
and that becomes (30) using the substitution 
(17), we cand find the movement function x(t). 

The differential equation (30), with 
 

1
a b 0;c ,

4
= = =   (33) 

 
and from (15) we obtain  
 

1 3 2 3 4, , , ,2 2 3 4 3p mα β γ= − = = − = =� � � � � � � � .   (34) 

 
The invariable  p is half of a whole odd 

number,than 1n =  and equation (30) has the 
general solution  
 

( ) ( ) ( )

( )

2 21
3 32

1 3 2 3
2 2

1 2 2 2
6 3 3 3

1

3 3
4 4

2 4 3 32 sin cos3 3 4 4

x t t c J t c J t

t c t t tπ

−

−

 = ⋅ + ⋅ =  

 = − −  

 

 

( )1 2 2 2
6 3 3 3

2
2 3 4 32 sin cos ,3 4 3 4t c t t tπ

− − +  
 (35) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

with 
 

( )

( )

3
2

3
2

2 1v ( sin ,v

2 1v (sin cos v)v

J vv

J v v

π

π−

=

= − +

�� FRVY��
   (36) 

 
and 1 2c ,c const= . 
 Derivating x( t )  and using the 
substitution (17) we obtain the general solution 
of the Riccati differential equation. 

 
4. Conclusions. 

1. For nay non-linear differential equation 
such as (1) we can obtain an analytical exact 
or aproximate solution using the Bessel 
functions. 
2. For any special Riccati differential 
equation we can find  an analytical exact or 
aproximate  solution. 
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